ON THE STRESSES IN A PIECEWISE HOMOGENEOUS MEDIUM
(O NAPRIAZHENIIAKE V KUSOCENO-CDNORCDNOI SREDE)

PMM Vol,29, N 4, 1965, pp.785-788

A.I.KALANDIIA
(Tbil1s1)

(Received January 18, 1965)

A method 1s given for solution of the problem of stresses in an infinite,
plecewise homogeneous medium, weakened by a circular opening. Analytical
continuation of Kolosov-Muskhelishvili potentials 1s used to reduce the
problem to the form, allowing a direct solution by means of power series.

An infinite system of linear algebraic equations composed of the coefficients
of the expansion is constructed and solved by numerical methods for the case
of uniaxial tensile deformation of a plate, with the elastic parameters of
the material known.

Let us imagine an infinite continuous plate made of two materials poases-
sing distinct elastic properties, sharing a common rectilinear boundary.
Let one of the parts with elastic parameters \,, u, say, occupy the lower
half of the plane » = x + ty , and the other part with parameters 1\,;, u;,
— the upper half. Let us also assume that the pilecewise homogeneous medium
is weakened by a circular opening, and is subject to external streases
applied at the boundary of the opening and at infinity. We shall assume the
radius of the opening to be a unit radius with its center at the origin of
the coordinates. Then, the real axis x 1less the (-1, +1) segment will
become the boundary which we shall denote by 7 . Purther, we shall denote
the lower and the upper half-plane without the respective semi-circles by
S- and S*, respectively, and the lower and the upper semicircular boundary
by v, and vy, .

We shall try to determine complex potentlals ¢ and ¢ holomorphic in
S~ and S*, respectively, and identical indices will be used for the poten-
tials and the corresponding elastic constants. We have the following bound-

ary value problem: o
O +E—)e @O +0n@)=7f0 onmn
@R+ E—) e @O+ x®=,0F on m ()
P (t) + 3@ =2 (t) + %2 (1)
A D, @1(8) — x1 ()] = %92 (8) — 2 ())
Here, j(t) is some specified finction of a point on the unit circle
x(2) =29’ (2) + ¥ (2), A = pafpa ©)

Adding and subtracting Equations (2) and changing over to conjJugate values
in the second of them. we obtailn

(14 2a) (1) + (4 — M) x1 (8) = (4 + x2) Pa(t)
(%3 + A) %1 (8) + (%2 — Asta) @i (2) = (1 + %a) Xa (t)

on L (2)

on L (4)
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It can easily be seen that the functions e, y;, which can be defined in
S* by _
(1 + A1) @1(z) = (A — 1) 31 (2) + (1 + %) 92 (2))

(%2 -+ M) %1 () = (Axx — %a) @1 (2) + (1 + %2) x2 (2)

extend, by analytic continuation, the values of the complex potentials wo,,
x1s into %, across the line . In other words, functions o,, y,, ex-
tended over S* by Equations (53 will, by (%), be holomorphic over the whole
plane with a circular opening.

This extended domain we shall now call 5, and the functions m,
holomorphic on it, o and y .

Now we can express oy, ya in terms of just introduced o and .
Use of the new notation will transform (5) into

(A4 %) P2(2) =1+ M) (2) + (1 — 1) % (2)

(4 + %2) %2 () = (33 + A) % (2) + (2 — Ax1) @ (2)
when » is on S*.

If we now substitute s X obtained from the previous equations into
the second condition of (ﬁ, then the following boundary conditions:

PO+ H+xBO=/® onm (7
PO+FC—DTO+ XD+ a9 @ +BYO+1X O L rE—Dy D=0 La)f@) on1s

where

for zin S* {5)

(6)

_ Bexg — phary B S
*= Bt paxa ? Twm—-l—p.m v P=a—7 @)

will yleld the functions ¢ and y holomorphic on § .
We shall proceed to solve (7) by assuming that on § ,

(oo} o
o)=Y ez, x(z)= Y oz (9
k=1 k=p
Now, assuming that the series obtained from (9) by differentiation con-
verge uniformly on the circle, let us collect the left-hand sides of Equa-

tions (7). The result of this will be

O+ DGO+ xO =6+ 3 a4+ T otk

=1 k=1
WO+ B O+ O FTE=DY D=0+ I o+ 3 Qe
Ree] k=1
t=¢% 0<o<2m) (10)
where B R
& = o+ kap— (k—2) qy_,
(k=1,2,3,...) (11)

Q" = aay + Bey + 7 [ke, — (k — 2) o]

In (11), the term containing the factor (¥ — 2) should be omitted, when
the V{:%\;e of k¥ = 1. In the argument following, we shall make use of the
equa es

ki oc o<
1 -n-1 1 v (—1)fmr—1
ar ) {2 metfe "‘=’~n+';f;~‘§ T (30)
& K==}

o k=1
.3
A
141

0 k=

o
R

fe
_ o _ i (—14 k+n_~_1
Ayt k}t"ld‘—’v-u““m—z( k)+n A, (n<0) 2)
S5

-

2 [0 min (ko)
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vwhich are easily obtained by integrating by parts the respective sumu.
as %lig, we shall introduce the functlon g(¢) defined.on the unit circle
ollows:
gW=1@) onm, g)=@0+a)f() on T (13}

If now
an

x
ot k 1 ¢ ke N
g(t)‘:k%m/lki, A}‘,:gﬁtg(t)t"ldt (h=0,21,=2,...) (14
- 0

then substituting (14) into (7) and comparing the coefficients of like powers
of Mn=0,%1,%2,...), we shall, using (12}, obtain

oc X
T N o ) LSy SR RS A | L |
A+ th0a—gn 2 T g 2 5 0 =
k==l 355 1
x

o0
’ " i N (_‘ 1)Jt-n i ; T (_ i)ffﬂm -
01,00 b NSEYT = o0y NV s
n T H}ZMZ k—n k zm‘z kE+n CI
k=1 k=1
a (—Ht—1 -
ol ==y
o, 4 Yoo, — L %’tﬂk_—f_i - 1 ;t(_“;:_m_i
R T 2 kst i A ke
@ (— 1)t —1-
+:—-)?{;:—_—T;—'——C0:‘1~n (15)

(n=1,23...)

The set of Equations (15) represents an infinite system of linear alge-
braic equations in terms of the unknown coefficlents of the series {9).
For particulsr values of elastic parameters of the materials, e.g. o =0,
when the elastic constants are connected by the relatlon Hi%e = He¥y, we can
using elementary operations, eliminate from (15) all ¢, (x =0, 1, 2, veo)
and obtain s set of equations containing only the unknowns ¢, {x=0,1,2,...).
For the arbitrary elastic parameters however, the attempt at reducing the
system would not be expedient.

For numerical methods to be applied, & finite system 1s required and this
can be obtained from (15) for some n = ¥ in the following manner: we shall
define both unkmowns ., and &, in terms of one variable x

Ton=¢, m=0,1...} Lypy = Ay (n=1,2,...) {16)
and shall write the reduced system as follows:

_ N _ K
(A +a/2)zo—1 Y 8,7, + 38Ry = Ao
355}

1 N fe==1 V
N\ . - -
QQn + "'—.2" an_l ”i" Z 61{*1’1 92}(”1 -1 2} O/yf“H’l Z’2n — qﬁn Ty == /In
k=1 By
N v
T = ’ = W1 x ~
4T 5 Zop — Y kzl (San:L'fzk + 3‘2': B in oy + 0, zo = A, “n
= ==
(n=1, ..., N)
where Y
(—1) —1
6‘,:‘—“*—25;5;-—— (v=1,2,...

Qe == T -+ ks — (b — 2) 2

- (e=1,2,...)
Qupy = gy 1 Brgg + 7 Uz — (k — 2) gy ]
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Using the above formulas to solve (15) we can determine both pairs of the
Kolosov-Muskhelishvili potentials and hence, find the remaining unknowns.
As a particular case of some practical value, we shall guote the sum of nor-
mal stresses on the contour of the opening, tassuming the absence of stresses
at infinity), the formulas for which are

on T (n<<V 2m)
oe
6,405 =4 3 k[, ; cos (k+ 1) 8 + 3, sin (k +1) 8]
k=1

on T12(0<<H<w)

"

6, + 0y = —4 El k [(":2:;; + ax;k) cos (k +1) ® - (:2:;; — 8z ) sin (k +1) ﬁ] (18)

. Sl .. 2
Tl o)

We shall not consider here the theoretical aspects of the problem. To
11lustrate the method, we shall use the case of a nonhomogeneous plate with

an opening, subject to a uniform tenslle stress applied at infinity in the
direction of the x-axls,

By denoting the tenslle stress by p we obtain

z, =%, -+ ir,” (k=0,1,...}, 8

He =Yap(t—1) (t=¢"®, 0< 0 < 2m) (19)
Furler coefficlents of the function ¢{¢) determinable by (13}, are
o a\ p a (—1)* 1 —1 .
am=—(1+5) 5 aa=(+5)F  A—mma—rr

(n=0,%2, £3,...)

We shall assume the Polsson coefficients to be identical for the purpose
of our calculations. Hence x;= ¥g= x . In thls case, the constants a«,B, ..
shown above can be expressed in terms of »x and the elastic modull A by

%l —2) (% —1) (1 — 4) 1—2 1—1 Es
C=TTim ' B=Trm ' "TTrm’ 0TTix (”“El)(Z‘)

The reduced system (17) was programed and solved on the E3CM=-2 (BESM- 2)
computer by D.P. Vekhtangadze for various values of the parameter ) &8t x =2
(Polsson coefficlent for both materials was assumed to be 0.25).

The calculations have shown that the boundary conditions of the problem
(7) were satisfied to the acceptable degree of accuracy already for ¥ = 8.
This is equivalent to solving a set of 34 real equations. Below, the right-
ha;uil side shows the values of the coefficlents i1, %k, of the stress concent-
ration

k= plmax (g, -+ 0p)
on the lower and upper semi~circle

A= 0.25 0.50 0.75
ky = 3.5925 3.2854 3.1041
kg = 2.5885 2.7605 2.8952

It should be noted that for the homogeneous case (A = 1), we have ky= x,=3.

Translated by L.K.



